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Motorizing fibres with geometric zero-energy modes
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Responsive materials™ have been used to generate struc-
tures with built-in complex geometries*-, linear actuators’™®
and microswimmers'’"2, These results suggest that complex,
fully functional machines composed solely from shape-chang-
ing materials might be possible™. Nonetheless, to accomplish
rotary motion in these materials still relies on the classi-
cal wheel and axle motifs. Here we explore geometric zero-
energy modes to elicit rotary motion in elastic materials in the
absence of a rigid wheel travelling around an axle. We show
that prestrained polymer fibres closed into rings exhibit self-
actuation and continuous motion when placed between two
heat baths due to elastic deformations that arise from rota-
tional-symmetry breaking around the rod's axis. Our findings
illustrate a simple but robust model to create active motion in
mechanically prestrained objects.

Smart materials that respond to light'"*-'5, thermal'?, electric®’
or osmotic stresses™'>* can be operated as simple linear actuators.
However, the concepts of classical mechanical machines seem far
richer and extend beyond the reversible motions generated by these
artificial materials. To build truly complex continuum machines it
is inevitable to think beyond the material properties and reflect on
sample geometry, topology and symmetry.

A notable principle from condensed matter physics states that
whenever a continuous symmetry of a system is broken, a zero
wavenumber, zero frequency 'hydrodynamic’ mode emerges**.
Classical examples are the nematic phase in liquid crystals and
the ordered spin phase in the XY model* in which the rotational
symmetry is broken by the preferred director or spin orientation.
With no energy cost to rotate the molecules or spins collectively,
the corresponding long wavelength distortion becomes a new
hydrodynamic variable in the system. Generalizing the concept
to elastic solids, here we propose a model, termed the 'embedded
wheel', that allows the generation of soft motors into responsive
materials. The idea is to induce and actively drive continuum-
elastic modes in objects that bear internally trapped mechanical
prestrains.

Consider the simplest of such objects, an elastic rod closed
into a circular loop (Fig. 1a). By the process of closure, the ini-
tially cylindrical rod, now bent into a torus, displays topological
prestrain and a broken symmetry—the inner side experiences
longitudinal compression, whereas the outer part is subject to
tension (Fig. la). As in the hydrodynamic-mode scenario, the
breaking of rotational symmetry around the rod's axis gives rise
to a zero-energy mode; this corresponds to turning every cross-
section around the long axis of the toroid (Fig. 1b). This collective
deformation represents an embedded wheel that in an ideal elastic
material, without defects and viscous losses, becomes a true zero-
energy mode.

Such global zero-elastic-energy modes (ZEEMs) are not
restricted to the toroidal geometry’>” and are surprisingly com-
mon (Fig. 1¢): from wrinkles on surfaces*, ripples on edge-stressed
sheets™, isometric excess-angle cones” and Mobius strips® to plec-
tonemic supercoils 'slithering’ along closed DNA molecules”.

Although ZEEMs resemble rigid rotations in that they conserve
both the energy and the outer form of the object, they form a dis-
tinct class of motion that involves continuum material deforma-
tions. A particularly useful feature is their potential to be actively
driven by dissipative self-organization. As a proof of concept,
we demonstrate this effect in a simple ZEEM model system—a
toroidal polymer fibre between two heat baths that undergoes
(non-rigid) rotation, performs mechanical work, stores energy
and self-propels.

To drive the toroidal fibre actively, we utilize the idea of gen-
erating a mechanically frustrated dynamic steady state within the
fibre's cross-section. For this, we placed a thin elastic rod of cir-
cular cross-section closed into a circular loop on a heating plate
(Fig. 2b). The temperature gradient between the plate and the ambi-
ent air (along the z direction) induces a thermal strain difference
in the fibre's cross-section, normal to the geometrically induced
strain (which is in-plane, along x; see Fig.2a). Clearly, it would be
energetically preferential for the system to align its thermally com-
pressed/expanded regions to those already compressed/expanded
in the inner/outer circumference of the torus. However, as the ther-
mal strain is externally driven—and maintained—a dynamic frus-
tration emerges and a torque around the fibre's axis is generated.
If this driving torque overcomes the prevalent dissipation pro-
cesses, a continuous internal rotation sets in, the ZEEM becomes
mobile and the embedded wheel turns (Fig. 2c). Figure 2d,e dem-
onstrates the mechanism in probably the simplest-imaginable
motors with only one moving component—and no stator—made
by closing a fibre from either polydimethylsiloxane (PDMS) rubber
or nylon into a ring. As nylon is thermally contracting upon heat-
ing, rotation is in the inwards direction (Fig. 2¢,e), whereas PDMS
rings rotate in the opposite direction (Fig. 2d) due to their positive
thermal expansion coefficient.

To understand the phenomenon, we developed a simple model
that accounts for the fibre's elasticity, dissipation and externally
driven temperature profile. For a fibre with Young's modulus Y,
cross-sectional radius R and an externally prescribed curvature «,
the induced driving torque per unit length m ~ YR’xz can be under-
stood as the product of the geometrically imposed strain ~Rk and
the thermally induced stress ~Yz integrated over the cross-section
~R’. The dynamic variable z = AT is the thermal strain difference
in the direction normal to the plane with ¢ the thermal expansion
coefficient along the fibre axis and AT, the temperature difference
from top to bottom (Fig. 2b). From an advection-diffusion equation
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Fig. 1| Global ZEEMs in prestrained elastic objects. a, Closing an elastic
rod into a circular loop induces a compressive strain in the inner portion
(solid line) and tensile strain on the outside (dashed line). b, The elastic
torus now has a deformation mode that leaves its energy and external form
invariant. ¢, Various other elastic objects, such as the Mébius strip and an
edge-crumpled disk, possess global ZEEMs.

for the temperature distribution (Supplementary Methods gives
details) one obtains equations for the thermal strain differences
parallel (x = oy AT,) and normal (z) to the plane,

X=—x/1-wz, ;=p—z/T+wx (1)

Here 7 is a characteristic thermal relaxation time of the cross-
section. The thermal strain difference in the normal direc-
tion, z, is actively driven by the external temperature difference

Strain gradient

Thermal stress gradient
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AT, =T,- T, (between the surface of the hot plate and the sur-
rounding colder air) via a strain-pumping rate p o aAT,,. Both
7 and p are functions of the system parameters (for example, fibre
radius and thermal diffusivity). The embedded wheel corresponds
to the continuous turnover between x and z via the angular fre-
quency . Once the continuous rotation sets in, the balance of
torques reads m = my;.;, with mg;.;, the dissipative torque, which
consists of dry friction and the viscous dissipation in the material
(Supplementary Methods).

The fibre closed into a torus constitutes a unidirectional motor:
the turning direction is dictated by the geometry of closure and the
sign of the thermal expansion coefficient (Fig. 2d,e) The onset of
motion is continuous in the driving temperature, that is, motion
starts from zero angular frequency at a threshold (Fig. 2f). The
toroidal fibre motors are very robust and failure resistant and turn
for tens of hours up to days (Supplementary Methods). In fact, they
even display a form of dynamic self-healing: the cooperative rota-
tion of the full fibre length allows local defects along the contour
to be progressively smoothed out during the motor's operation
(Supplementary Video 6).

The toroidal motors are elegant self-contained devices, but dif-
ficult to interconnect due to their closed geometry. We found that
fibre rotation persists even when the curvature is externally imposed.
With the use of a holding set-up, fibres were forced into a spiral path,
as shown in Fig. 3a, an arrangement that can be seen as a parallel
connection of many concentric partial toroidal motors. Figure 3b
demonstrates the device's ability to lift macroscopic loads—a 3 m
nylon fibre of 1.5 g lifted 20 g. Spirals are able to exert large torques
because all the cross-sections work cooperatively. Moreover, when
rigidly stalled and prevented from rotating at one end, the 'spiral
fibre motor' is able to store torsional energy by a rotation of the
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Fig. 2 | Self-organized driving of ZEEMs. a, The strain induced by bending has a gradient in the torus plane. b, When placed between a hot surface and
the ambient air, a temperature gradient develops along the z direction (perpendicular to the plane) and gives rise to thermal prestrains in the same
direction. ¢, The incompatibility of the geometrically imposed and thermally driven strains (a and b) leads to a dynamic instability—the torus begins to
turn with constant angular frequency w. The direction of rotation depends on the sign of the thermal expansion coefficient (the sketched case shows a
negative thermal expansion, as for nylon). d, A PDMS fibre closed in a ring (radius 2 cm, fibre thickness 0.6 mm) on a hot plate (175 °C) becomes a robust
unidirectional motor. e, A nylon fibre closed into a ring (radius 6 cm) by a small brass tube rotates in the opposite direction. f, The angular frequency

of various-sized nylon rings (fibre thickness 0.6 mm) as a function of plate temperature. Error bars: s.d. from ten measurements on the same ring

(Supplementary Video 1).
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Fig. 3 | The spiral fibre motor. a, A nylon fibre is constrained to a spiral path by an aluminium holder. Upon heating the plate, the whole fibre rotates
around its tangent, performing work and/or storing torsional energy. b, A spiral motor (fibre thickness 0.8 mm, total spiral length 3.2 m) rotating at 185°C
lifting a payload (Eiffel Tower replica of weight 20 g). The fibre is guided from the spiral holder through two brass tubes and rotates freely there. Inset:
position of the weight as it is lifted (Supplementary Video 2). ¢, Charging of the 'spiral fibre battery'. Inset: number of turns as a function of time for spirals
of various lengths that are rigidly blocked at one end. The lines are fits to the theory (Supplementary Methods and Supplementary equation (64)), which
allows an estimate of the stored elastic-energy density, shown in the main panel as a function of spiral length. The red line is the predicted scaling with L2
d, The stalling torque of the spirals studied in ¢ as a function of spiral length, which displays a linear scaling (red line).

fibre's free end that continues for several minutes and hundreds of
turns before stalling (Fig. 3c). This stored torsional elastic energy
can later be utilized when the fixed end is released again. With the

;<0

>0

Fig. 4 | Spontaneous symmetry breaking and self-propulsion of linear
fibres. a,b, Rolling motion of a nylon-6 rod (diameter 0.6 mm, length12 cm)
(a) and a PDMS rod (diameter 3mm, length11 cm) (b). ¢, The thermal
gradient induces a curving via thermal expansion and/or contraction. The
temperature is hot (red) or cold (blue). Due to the confinement (on the
plate) the curving stays in-plane, which effectively creates a torque. d, The
direction of the torque and the rolling velocity V depends on the sign of the
material's thermal expansion coefficient (Supplementary Videos 3 and 5).
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thermal and elastic torques balanced, for a strong thermal pumping
(Supplementary Methods) the stalling torque scales as:

M~ YRkaAT,, L )

and the stored torsional energy density of a blocked motor as:

E
7 2K @A T L 3)

where k the average curvature of the spiral and L its length. Figure 3¢
shows the estimated energy density obtained by fitting the dynamic
solution of a torque balance model to the experimentally measured
number of turns (inset). The linear increase of the torque and the
quadratic increase of the energy density with the length of the
fibre are signatures of the collective interplay of the spiral's gyres.
The rapidly growing energy-storage capacity is only limited by the
mechanical failure point of the fibre or the holding device. The set-
up may hence be used as a residual thermal-energy harvesting and
storage device. The spiral motor’s efficiency can be estimated as

ne M2 01073, where Q=~2RLhA T, is the heat current through the

fibre per unit time, with & the heat transfer coefficient at the fibre-
air interface, and M is the useful power output.

For the toroidal and spiral fibres, the ZEEM is imposed by
topology and external constraints, respectively. Interestingly, even
initially straight fibres can develop a self-organized zero mode.
When straight fibres were placed on a hot substrate, we observed
a rapid self-propulsion via a rolling motion orthogonal to the
fibre'slong axis at typical speeds of centimetres per second (Fig. 4a,b).
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Fig. 5 | Fibre rotation and rolling motion. a, Thermally induced curvature as a function of temperature for a nylon-6 fibre of radius 0.3 mm. b, Rolling
velocity (same fibre as in a). During the first temperature cycle (red line), the fibre undergoes an annealing process and becomes conditioned ('trained").
In the subsequent cycles of decreasing/increasing temperature, the fibre attains a reproducible velocity (blue/green curves). ¢, Single fibres are bidirectional
motor units able to perform work, in the experiment shown here it is against their own weight on an inclined plane. Shown is the angular turning frequency
of a nylon-6 fibre (0.2 mm radius) as a function of the axial torque at two different temperatures (red, 180 °C; blue, 140 °C). Solid lines are fits to the
theoretically predicted torque-velocity relation (Supplementary Methods). d, Fibres with decreasing radii rotate with increasing angular frequencies:
experimental data for two temperatures and a power-law fit R=7 with y =0.75. Error bars (a, b and d): s.d. from three independent fibre specimens.

This motion is governed by the same principle (and the same equa-
tions) with the difference that now the curvature is not externally
imposed but thermally induced; it is given by x = -x/R, where
x = AT, is the in-plane thermal strain difference that results from
the in-plane temperature difference AT, that emerges spontaneously
via rotational advection (Fig. 4c and Supplementary Methods). In
fact, the fibres are slightly, but visibly, curved when self-propelling
(Fig. 5a). At the onset, one of the two possible in-plane curving
directions is spontaneously chosen. The model explains the relation
between the rolling direction and the curvature direction: fibres that
exhibit a negative axial thermal expansion (like nylon-6) move in
the opposite direction from their centre of curvature, whereas those
with a positive thermal expansion (like PDMS) move towards their
centre of curvature (Fig. 4d).

Typical turning frequencies are higher (0.5-20Hz) than for the
torus, as internal dissipation is negligible due to the small curvature,
and a small rolling-type friction dominates. As for the torus, below
a threshold temperature no motion is observed, but now the onset
is discontinuous (first order), that is, setting-in with a finite veloc-
ity (Fig. 5b). This difference can be understood to originate from
the symmetry being already broken for the torus while being self-
organized for the fibre (Supplementary Methods). The direction of
rolling, initially chosen spontaneously, can change in the course of
time, for instance, due to collisions with surface defects or larger
objects on the plate. Hence, rolling fibres are bidirectional motors,
but nylon fibres especially roll very persistently for high tempera-
tures. The torques exerted are sufficiently large to allow fibres to
roll uphill on an inclined plane (of slopes of up to 15°) (Fig. 5¢) The
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torque-angular frequency relation obtained using the model shows
a good agreement with experiment. Finally, another important
property of the rolling fibre can be unravelled from a study of speed
versus fibre thickness (Fig. 5d): the rotation frequency strongly
increases with decreasing fibre radius, reaching 20 Hz for the thin-
nest fibres tested (60 pm radius). These high frequencies stand out
among thermally driven smart materials and are comparable to the
beating frequency of cilia* and the fastest light-driven azobenzene
oscillators'”'®. The deformation flux through the fibres shares some
similarity with evaporating Leidenfrost droplets**" but, in contrast
to them, it does not consume the sample as it emerges and propa-
gates within a solid material.

We have proposed a concept termed 'wheel within the material’
and demonstrated its practical feasibility using mundane polymer
fibres. Toroidal, spiral and even linear fibres turn into robust, one-
piece motors when driven away from equilibrium due to dynamic
frustration that emerges within the material. ZEEMs in materials
are ubiquitous and generating dynamic frustration to drive them
can be as easy as placing spaghetti on a hot stove (Supplementary
Video 3). The underlying model suggests that many other driving
mechanisms should potentially induce rotation; in fact, the energy
pumping rate (p), here related to a heat flux, could be substituted by
any flux normal to the plane and coupling to the strain. The insight
that we can now dispense with the ancient wheel and axle and utilize
intrinsic ZEEMs instead opens exciting new perspectives on soft
machines. The ZEEM motors, made from mundane plastic, rubber
and starch, call for rethinking the very meaning of a smart material
and shift the spotlight from microscopic material properties to sym-
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metry and topology. Through them, the material acquires a form of
collective smartness that resides in none of its individual parts, yet
is globally encoded in their delicate interplay.

Methods

Methods, including statements of data availability and any asso-
ciated accession codes and references, are available at https://doi.
0rg/10.1038/s41563-018-0062-0.
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Methods

Sample preparation and characterization. We tested several types of polymeric
materials and observed that both structurally anisotropic and semicrystalline
(nylon-6 and polyvinylidene difluoride (PVDEF)) as well as isotropic and
amorphous polymeric samples (starch, silicone rubber and PDMS) display

the motile ZEEM effect. Interestingly, a classical thermo-actuating metallic
material, like a nickel-titanium (nitinol) fibre, did not show rotary motion, which
pinpoints the importance of a low thermal conductivity to maintain the necessary
temperature gradients.

The most robust samples were found to be nylon-6 fishing-line fibres. They were
gently annealed (Fig. 5b, Supplementary Methods and Supplementary Video 4) to
remove built-in prestress that stemmed from their fabrication process before displaying
a very reproducible velocity-temperature dependence. Wide-angle X-ray scattering
characterization of the samples (Supplementary Methods) shows a polymorphic order-
to-order (alpha—-gamma) transition within the crystalline domains as the origin of the

NATURE MATERIALS

large anisotropic thermal contraction with a negative expansion coefficient along the
fibre axis of ¢ =—1.9X 10K between 120 and 180°C.

The samples made of PDMS were prepared form a two-part kit that consisted of
liquid components (Rhodorsil RTV141 A+B (Bluestar)). The base and curing agents
were mixed in a weight ratio of ten parts base to one part curing agent with stirring
for about 2 min. The cross-linked samples were obtained by moulding the mixture
after removing air bubbles by vacuum processing for 30 min. The final PDMS
filaments were formed in glass tubes (capillaries and glass pipettes) that were gently
fragmented after the curing process, which lasted for 2h at 80°C. The so-prepared
PDMS rubber has a longitudinal expansion coefficient of ey =+3.3x10~* K.

The PDMS, PVDF and nylon rings were held together with short pieces of
thermocontracting PVDF shrink tubes or metallic brass tubes.

Data availability. The data sets generated during and/or analysed during the
current study are available from the corresponding author on reasonable request.
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